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In this paper, the electronic properties of 30◦ twisted double bilayer graphene, which loses the
translational symmetry due to the incommensurate twist angle, are studied by means of the tight-
binding approximation. We demonstrate the interlayer decoupling in the low-energy region from
various electronic properties, such as the density of states, effective band structure, optical con-
ductivity and Landau level spectrum. However, at Q points, the interlayer coupling results in the
appearance of new Van Hove singularities in the density of states, new peaks in the optical con-
ductivity and importantly the 12-fold-symmetry-like electronic states. The k-space tight-binding
method is adopted to explain this phenomenon. The electronic states at Q points show the charge
distribution patterns more complex than the 30◦ twisted bilayer graphene due to the symmetry
decrease. These phenomena appear also in the 30◦ twisted interface between graphene monolayer
and AB stacked bilayer.
I. INTRODUCTION
In theory, a twisted bilayer graphene (TBG) can trans-
form from a crystalline (commensurate configuration)
to quasi-crystalline (incommensurate configuration) de-
pending on the twist angle1. At the large twist angle
(θ >15◦), the TBG has electronic properties very similar
to those of two decoupled graphene monolayers.2–9 The
Fermi velocity can be reduced by decreasing the twist
angle.10,11 At the so-called magic angle (θ ∼ 1.1◦), the
Fermi velocity becomes zero and the flat bands appear in
the vicinity of the Fermi level12,13. Accordingly, the TBG
at the small twist angle as a model system of strongly cor-
related electrons has drawn much attention due to the
novel electronic properties, such as the unconventional
superconductivity14–16 and correlated insulator phases17.
The 30◦ TBG, an incommensurate bilayer configu-
ration, has been grown successfully on H-SiC(0001)18,
Pt(111)19, Cu-Ni(111)20 and Cu21,22 surfaces. As the
first two dimensional quasicrystal based on graphene,
30◦ TBG has received increasing attention both exper-
imentally and theoretically23–29. A method to grow
high-quality 30◦ TBG epitaxially on SiC using borazine
as a surfactant has also been proposed23. The 12-fold
rotation symmetry and quasi-periodicity of 30◦ TBG
have been demonstrated by various measurements, such
as the Raman spectroscopy, low-energy electron mi-
croscopy/diffraction (LEEM/LEED), transmission elec-
tron microscopy (TEM) and scanning tunneling mi-
croscopy (STM) measurements.18–20,23,30 A number of
Dirac cones, especially the mirror-symmetric ones, have
been observed by the angle resolved photoemission spec-
troscopy (ARPES) measurements18,19. The quasicrys-
talline order in 30◦ TBG can induce unique localization of
electrons without any extrinsic disorders24,27. All these
peculiar properties, especially the quasi-periodicity, make
30◦ TBG much different from graphene monolayer, al-
though it has electronic properties very similar to those
of two decoupled graphene monolayers in the vicinity of
the Fermi level.31
Recently, the twisted double bilayer graphene (TDBG)
consisting of two AB-stacked bilayers, has received much
attention especially on the properties32–36 associated
with the strongly correlated electrons in the electrically
tunable flat band37–40, such as the superconductivity,
magnetic phase transition and correlated insulating state.
Besides, the TDBG under the electric field was found to
be a valley Hall insulator.40 A generic twisted multilayer
graphene, M layers on top of N layers with a twist angle,
possesses two topologically nontrivial flat bands, which
exhibit a Chern-number hierarchy.41 Similar to the 30◦
TBG, the 30◦ TDBG is expected to possess some strik-
ing properties due to the disappearance of the transla-
tional symmetry. More importantly, the successful fabri-
cation of 30◦ TBG and accurate determination of some
key structural parameters (such as twist angle, stacking
order and interlayer spacing) in experiment42,43 ensure
the realization of 30◦ TDBG in the near future. There-
fore, in this paper, we study the effect of the 30◦ twisted
interface between two AB stacked graphene bilayers. The
30◦ twisted interface between graphene monolayer and
AB stacked bilayer is also discussed.
II. METHODS
The structure of 30◦ TDBG is shown in Fig. 1(a). It
consists of two AB stacked graphene bilayers with the top
bilayer twisted by 30◦. The middle two layers form the
30◦ TBG. So there are two AB stacked interfaces and one
30◦ twisted interface in 30◦ TDBG. In this paper, the 30◦
TDBG is approximated by the 15/26 approximant, which
is a periodic Moire´ pattern constructed by introducing
the slight stress in the top bilayer. The details about the
15/26 approximant are given in Appendix A.
The 30◦ TDBG and its 15/26 approximant are de-
scribed by the tight-binding model based on pz orbitals.
The hopping energy between site i and j is determined
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2FIG. 1: (a) The top and side views of 30◦ twisted double bilayer graphene. (b) The Brillouin zones of the bottom and top
bilayers with some special points labelled.
FIG. 2: (a) The occupation numbers of the eigenstates at Γ point. The black and red dots denote the occupation numbers
on the bottom and top bilayer, respectively. (b) and (c) The comparisons of the band structures (left part in b), density of
states (right part in b) and the real part of the optical conductivity σ (c) between 30◦ twisted double bilayer graphene and AB
stacked bilayer graphene. σ is in units of σ0 = pie
2/2h.
by44
tij = n
2Vppσ(|rij |) + (1− n2)Vpppi(|rij |), (1)
where, n is the direction cosine of relative position vector
rij with respect to the z axis. The Slater-Koster param-
eters Vppσ and Vpppi have the following forms:
Vpppi(|rij |) = −γ0e2.218(b−|rij |)Fc(|rij |), (2)
Vppσ(|rij |) = γ1e2.218(h−|rij |)Fc(|rij |). (3)
The carbon-carbon distance b and interlayer distance h
are chosen to be 3.349 and 1.418 A˚, respectively. γ0 and
γ1 are 3.12 and 0.48 eV, respectively. The Fermi velocity
and effective band structure calculated using these pa-
rameters fit well the experimental results of 30◦ TBG29.
Fc is a smooth function
Fc(r) = (1 + e
(r−0.265)/5)−1. (4)
This tight-binding model has also been justified by com-
paring results with several experiments45–47.
The density of states and optical conductivity are
calculated by the tight-binding propagation method
(TBPM)48. This method is based on the numerical so-
lution of time-dependent Schro¨dinger equation without
any diagonalization. Both memory and CPU costs scale
linearly with the system size. The formula of TBPM are
given in Appendix B.
Although the band structure can be derived directly
from the periodic 15/26 approximant, its supercell char-
acter relative to the primitive unit cell of graphene re-
sults in the fold of the bands. So the band structures
calculated directly from the 15/26 approximant can not
be used to compare with the ARPES measurements. In
order to overcome this problem, the band structure of
15/26 approximant is unfolded to the primitive unit cell
of graphene. The corresponding formula are given in Ap-
pendix C.
III. INTERLAYER DECOUPLING IN THE
LOW-ENERGY REGION
First of all, the distributions of the eigenstates in the
low energy region are calculated by diagonalizing the
Hamiltonian at Γ point and shown in Fig. 2(a). All
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FIG. 3: The density of states of AB stacked bilayer graphene
and 30◦ TDBG under the magnetic field of 20 T. The ver-
tical lines show the analytical Landau levels of AB stacked
bilayer. The Blue and red dashed lines represent the Landau
levels εn,L,+ and εn,H,+ with n > 1, respectively. The or-
ange solid line is the Landau level ε0,H,+. The levels ε0,L and
ε−1,L are at zero. Only the electron side are shown here due
to the electron-hole symmetry in the simplified tight-binding
approximation.
these states occur inside only the bottom bilayer or top
bilayer, which implies the interlayer decoupling between
the two bilayer systems in the low energy region. It can
be proven further by comparing the band structures and
density of states between the 30◦ TDBG and its subsys-
tem, namely, the AB stacked bilayer graphene (see Fig.
2(b)). Both of them show the parabolic touch point at
K point. The good agreement with each other in the
vicinity of the Fermi level means that 30◦ TDBG should
has the similar electronic properties to the AB stacked
bilayer graphene, such as the optical conductivity shown
in Fig. 2(c).
The interlayer decoupling in 30◦ TDBG can also be
proven by checking the Landau levels (see Fig. 3), which
is in good agreement with the numerical and analytical49
Landau levels of the AB stacked bilayer. In order to
compare with the analytical results, a simplified but of-
ten used tight-binding approximation is adopted. For the
intralayer hoppings, only the nearest-neighbour approxi-
mation is adopted. For the interlayer hoppings across the
two AB stacked interfaces, only the neighbours stacked
vertically are considered. But for the interlayer hoppings
across the 30◦ twisted interface, all the neighbours with
the distance less than 5 A˚ are taken into account. The
analytical Landau levels shown in Fig. 3 can be classified
into three groups.49 They are (1) n ≥ 1:
n,µ,s =
s√
2
[
γ21 + (2n+ 1)∆
2
B
+ µ
√
γ21 + 2(2n+ 1)γ
2
1∆
2
B + ∆
4
B
]1/2
,
(5)
(2)n = 0:
ε0,L = 0
ε0,H,s = s
√
γ21 + ∆
2
B ,
(6)
and (3)n = −1:
ε−1,L = 0. (7)
In these equations, s = ±1 (labelled by ±) stand for the
electron and hole bands, respectively. In Fig. 3, only the
electron side is shown due to the electron-hole symmetry
in this simplified tight-binding model. µ = ±1 corre-
spond to the higher and lower subbands in the limit of
zero magnetic field, respectively. In the following, we use
the notation µ = H,L instead of ± to avoid the confu-
sion with s = ±. ∆B=0.163 eV (defined by
√
2~v2feB)
is the magnetic energy which corresponds to the Fermi
velocity vf = 1× 106 m/s in graphene.
Although the interlayer decoupling dominates the elec-
tronic properties in the low-energy region, the obvious
interlayer coupling still exist in the high-energy region,
especially around Q˜1 point. Actually, 30
◦ TDBG shows
the similar electronic structure at all Q points (Qi and
Q˜i with i=0, 1, 2, 3, 4 and 5) but deviating from the AB
stacked bilayer obviously. It results in the appearance of
the new peaks in both density of states and optical con-
ductivity. The origin of the deviation around Q points
will be discussed in the next section.
FIG. 4: The comparison of the effective band structures
around K and K˜1 along x direction under the electric field of
0 (a) and 0.05 (b) eV/A˚. The spectral function values around
K˜1 are timed by 300 for clear comparison.
Similar to 30◦ TBG18,19, another important property
is the emergence of the energy valley at K˜1, which is
mirror-symmetric with respect to K point (see Fig. 4(a))
because the energy valley at K
′
is scattered to K˜1 with
a strong scattering strength
∣∣∣〈K˜1, X˜|U |K ′ , X〉∣∣∣. U is
the interaction between the bottom and top bilayers.∣∣∣K ′ , X〉 and ∣∣∣K˜1, X˜〉 are the Bloch functions of the bot-
tom and top bilayer systems, respectively. The Bloch
function of AB stacked bilayer graphene at a general
point k and sublattice X is defined by
|k, X〉 = 1√
n
∑
R
eik·(R+τX) |ϕ(r −R− τX)〉 . (8)
4FIG. 5: The comparisons of the effective band structure around Q˜1 (plotted in color) and the quasi-band structure around
k0 = 0 (plotted in black solid lines) in the valence band (a) and the conduction band (b). In valence band, except for the states
0, 11, 12 and 23, any two states marked by i,i+1, are energy degenerate.
Here, n is the normalization factor, τX is the position of
sublattice X, and ϕ(r−R−τX) is the pz orbital locating
at sublattice X in unit cell R. The interlayer decoupling
and energy valley scattering are robust even an electric
field is applied perpendicular to the graphene plane (see
Fig. 4(b)).
IV. INTERLAYER COUPLING AT Q POINTS
The effective band structure of 30◦ TDBG deviates
obviously from the band structure of AB stacked bi-
layer graphene around Q points (see Fig. 2(b)), which
implies the strong interlayer coupling across the 30◦
twisted interface. The k-space tight-binding method27
is adopted to understand this phenomenon. In this
method, a k0-related subspace is spanned by Bloch ba-
sis functions of both the top and bottom bilayers, namely
{
∣∣∣k0 +G, X˜〉}, and {∣∣∣k0 + G˜, X〉}, where G (X) and G˜
(X˜) are the reciprocal lattice vectors (sublattice) of the
bottom and top bilayers, respectively. Actually, only the
G’s and G˜’s with small lengths contribute the Hamilto-
nian much. In this paper, the 12-wave approximation27,
namely only considering the G’s and G˜’s with the length
less than 4pi√
3a
, is adopted to construct the Hamiltonian,
which has been proven to be accurate enough to simulate
the 30◦ TBG.27 The matrix element of the Hamiltonian
across the different bilayer systems is
〈k0 + G˜, X|U |k0 +G, X˜〉 =
T (k0 +G+ G˜)e
−iG˜·τ
X˜eiG·τX ,
(9)
where T (k0 + G + G˜) is the Fourier component of the
interlayer hopping function at vector k0 +G+ G˜.
Around k0=0 and under the 12-wave approximation,
after folding k0 + G˜ of the bottom bilayer and k0 + G
of the top bilayer to their corresponding first Brillouin
zones, the basis set is just the collection of the Bloch
functions of the bottom layer {|Qi, X〉} and the Bloch
functions of the top bilayer {
∣∣∣Q˜i, X˜〉} with i=0, 1, 2 3, 4
and 5 (see Fig. 1(b) for their positions). Because there
are four sublattices in each bilayer system, the Hamilto-
nian is a 48 × 48 matrix. After the diagonalization of
the Hamiltonian, the dispersion relationship between the
energy and k0 can be obtained, which is named as quasi-
band structure to distinguish the term effective band
structure derived by unfolding the band structure of the
15/26 approximant. Due to the energy degeneration of
the Bloch states at the 12 Q points, the strong inter-
actions among them results in the strong deviation of
the effective band structure of the 30◦ TDBG from AB
stacked bilayer graphene. In Fig. 5, we plot the quasi-
band structure around k0=0 and compare it with the
effective band structure around Q˜1 obtained by band-
unfolding method. The good agreement with each other
proves the validations of the 12-wave approximation and
the 15/26 approximant again. Due to the weaker in-
teraction in the conduction band, we only focus on the
electronic structure in the valence band.
At k0=0, the 24 electronic states in the valence band
are labelled by 0, ..., 23 (see Fig. 5(a)). Expect for
states 0, 11, 12 and 23, the others are all 2-fold degenerate
states. The charge distributions of these states are shown
in Fig. 6, where (i,j) corresponds to the charge distribu-
tion of the 2-fold degenerate states i and j being occupied
5FIG. 6: The charge distributions of the electronic states at Q˜1 point in the valence band. The labels of these states are marked
in Fig.5(a). The occupations on the four layers from bottom to top are plotted in green, blue, red and yellow dots. i or j means
states i and j have the same charge distribution pattern. (i,j) corresponds to the charge distribution of the 2-fold degenerate
states i and j being occupied at the same time.
at the same time. (i,j) or (m,n) means the two charge
distributions have the similar pattern and are plotted in
the same sub-figure. Comparing with 30◦ TBG with the
symmetry of point group D6d, all the charge distribution
patterns in 30◦ TDBG lose the 12-fold symmetry due to
the symmetry decrease to point group D3. But the corre-
sponding 12-fold-symmetry-like counterparts still exist in
30◦ TDBG. For example, the occupation number of the
charge distribution 0 on the middle two layers is more
than 85%. If the occupation on the bottom and top
layers is ignored, this charge distribution pattern still
possess the 12-fold symmetry, which correspond to the
charge distribution m = 0 or 6 in 30◦ TBG27. Besides,
the charge distributions (1,2) and (3,4) have the occupa-
tion number on the middle two layers more than 70%,
correspond to the cases m = ±1,±5 and m = ±2,±4 in
30◦ TBG27, respectively. The charge distribution (5,6) is
similar to the case m = ±3 in 30◦ TBG27, but they show
the similar occupation numbers on the four layers. Im-
portantly, all the charge distributions (7,8), (9,10) and 11
show very different charge distribution patterns from the
30◦ TBG, and these charge distributions have very little
occupation number on the middle two layers (less than
20%). These results indicate that the 12-wave interac-
tion results in the strong interlayer coupling between the
two bilayer systems at k0 = 0, namely at all Q points.
V. DISCUSSION
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FIG. 7: The curves of the binding energy with respect to
the interlayer spacing in AA, AB stacked and 30◦ twisted
interfaces. The binding energy and interlayer spacing at the
most stable configure is given for each interface.
During the calculations above, the interlayer distances
in both the AB stacked and 30◦ twisted interfaces are
fixed to be 3.349 A˚, which may not be their most sta-
ble configurations. In order to consider the structure
relaxation effect, the interlayer distances in AA, AB
stacked and 30◦ twisted interfaces are determined by
classical molucular simulations. The intra- and inter-
layer interactions are described by classical REBO50 and
6Kolmogorov-Crespi51 potentials, which are implemented
in the LAMMPS software52. For a fixed interlayer dis-
tance, the atoms are allowed to relax only in xy plane.
The binding energies of the three interfaces at different
interlayer distances are given in Fig. 7. At the most
stable configurations, the interlayer distances are deter-
mined to be 3.61, 3.38 and 3.46 A˚ for AA, AB stacked and
30◦ twisted interfaces, respectively, which correspond to
the binding energies 13.7, 17.3 and 15.8 meV/atom. Dif-
ferent from the small twist angle, for which the fluctua-
tions of the atoms along the z axis introduce the periodic
pseudo magnetic field,47 the flatness of the two layers still
remains in the 30◦ twisted interface. After the recalcu-
lations by using the relaxed interlayer distances, all the
physical conclusions concluded above still be kept.
From the viewpoint of the binding energy, the 30◦
twisted interface is much more stable than the AA
stacked interface and even comparable to the AB stacked
one. It means that the 30◦ twisted interface can be real-
ized easily in experiment. So we also study the effect of
the 30◦ twisted interface between AB stacked bilayer and
graphene monolayer (labelled by 30◦ AB/G), which can
be obtained by removing the top layer of the 30◦ TDBG.
Our calculations shown in the Supplemental Material53
indicate that the interlayer decoupling in the low-energy
region and the strong interlayer coupling at Q points still
exist in this system, which implies that it is a general
phenomenon in graphene multilayer systems.
VI. CONCLUSION
By means of the tight-binding approximation, we sys-
tematically study the electronic properties of 30◦ TDBG,
which are composed of two AB stacked bilayer graphene
with top bilayer twisted by 30◦. In the low-energy re-
gion, the interlayer decoupling across the 30◦ twisted in-
terface is proven from various electronic properties, such
as density of states, effective band structure, optical con-
ductivity and Landau levels. However, the 30◦ TDBG
shows very different effective band structure at Q points
from the AB stacked bilayer due to the 12-wave inter-
action, which results in the appearance of new van Hove
singularities in the density of states and new peaks in the
optical conductivity. Importantly, the 12-fold-symmetry-
like electronic states, which occur in 30◦ TBG with exact
12-fold symmetry, can be found in 30◦ TDBG due to the
12-wave interaction, although its symmetry decreases to
point group D3. Moreover, different from the 30
◦ TBG,
some special electronic states appear, which have large
occupation number on the top and bottom layers but lit-
tle occupation nunber on the middle two layers. These
results imply that the strong interlayer coupling still exist
across the 30◦ twist in 30◦ TDBG, especially at Q points,
although it shows interlayer decoupling in the vicinity of
the Fermi level.
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Appendix A 15/26 APPROXIMANT
We follow the procedure proposed for 30◦ TBG29 to
construct the approximant of 30◦ TDBG. That is, the
bottom bilayer keeps the lattice constant of a pristine
graphene a = 2.456 A˚, but the top bilayer is slightly
compressed with the lattice constant changing to be
a˜ = 2.454 A˚, which makes the two bilayers become com-
mensurate. The resulting periodic pattern is used as the
approximant, which is named as 15/26 approximant due
to the commensurate period 15×√3a = 26× a˜ along the
x direction, where
√
3a and a˜ are the basic periods of the
bottom and top bilayers, respectively. Accordingly, the
elementary unit cell of the 15/26 approximant contains
1350×2 and 1352×2 sites in the bottom and top bilay-
ers, respectively. Our results given in the Supplemental
Material53 indicate that the 15/26 approximant can re-
produce the density of states and the optical conductivity
of 30◦ TDBG accurately.
Appendix B TIGHT-BINDING PROPAGATION
METHOD
In TBPM48, a random superposition of the pz orbitals
at all sites is used as the initial state |φ0〉 with 〈φ0|φ0〉 =
1. DOS is calculated as Fourier transform of the time-
dependent correlation function
d() =
1
2pi
∫ ∞
−∞
eiτ 〈φ0|e−iHτ/~|φ0〉 dτ. (10)
The optical conductivity is calculated by using the
Kubo formula in TBPM48. The real part of the opti-
cal conductivity matrix σα,β at temperature T reads
Reσα,β(ω) = lim
→0+
e−~ω/kBT − 1
~ωA
∫ ∞
0
e−τsinωτ
×2Im 〈φ2(τ)|jα|φ1(τ)〉β dτ.
(11)
Here, A is the area of the unit cell per layer, and wave
7functions
|φ1(τ)〉β = e−iHτ/~[1− f(H)]jβ |φ0〉 ,
|φ2(τ)〉 = e−iHτ/~f(H) |φ0〉 ,
(12)
where f(H) = 1/(e(H−µ)/kBT + 1) is the Fermi-Dirac
distribution operator, where µ is the electronic chemical
potential.
Appendix C EFFECTIVE BAND STRUCTURE
First of all, the spectral function at wavevector k and
energy  can be calculated by54
A(k, ) =
∑
IkSC
PIkSC (k)δ(− IkSC ), (13)
where IkSC is the energy for I
th band at wavevector kSC
for the approximant. Actually, only one kSC , namely
kSC = k+G being G the reciprocal lattice vector of the
approximant, contributes to the spectral function. The
spectral weight is defined as
PIkSC (k) =
∑
s
∑
i
∣∣∣〈ψPCsik |ΨSCIkSC 〉∣∣∣2 = ∑
s
P sIkSC (k),
(14)
where
∣∣∣ψPCsik 〉 and ∣∣ΨSCIkSC〉 are the eigenstates of layer
s and the approximant, respectively. Under the tight-
binding method, the spectral weight contributed from
layer s can be described by
P sIkSC (k) =
1
ns
∑
α
∑
lsl
′
s
eik·(ls−l
′
s)U lsα
∗
IkSC
U
l
′
sα
IkSC
. (15)
Here, ns is the number of primitive unit cell of layer s in
one elementary unit cell of the approximant. U lsαIkSC is the
projection of
∣∣ΨSCIkSC〉 (the eigenstate of the approximant)
on |kSClsα〉 (the Bloch basis function of approximant).
Equation (15) indicates that only the eigenstates of ap-
proximant are necessary to obtain the spectral function.
Then, the effective band structure can be obtained
by55
δN(k, ) =
∫ +δ/2
−δ/2
A(k, 
′
)d
′
, (16)
where δ is the bin width in energy sampling.
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